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Abstract 

A nonlinearly realized supersymmetric action describing the invariant 
couplings of the Goldstino to matter is constructed. Using the Akulov-Volkov 
Lagrangian, any operator can be made part of a supersymmetric invariant 
action. Of particular interest are interaction terms which include the prod- 
uct of the Akulov-Volkov Lagrangian with the ordinary matter Lagrangian 
as well as the coupling of the product of the covariant derivative of the Gold- 
stino field to the matter supersymmetry current. The later is the lowest 
dimensional operator linear in the Goldstino field. A Goldstino Goldberger- 
Treiman relation is established and shown to be satisfied by the effective 
action. 



1 



1 Introduction 



If supersymmetry (SUSY) is to be realized in nature, it must be as a broken 
symmetry. The breaking mechanism which maintains the perponderance of 
the dynamical constraints of the symmetry and hence is theoretically most 
attractive, is a spontaneous one. Indeed many of the currently investigated 
attempts to construct realistic models of electroweak symmetry breaking 
incorporating SUSY use spontaneous supersymmetry breaking in one form 
or another. This includes both the so-called hidden sector ^ and visible 
sector classes of models 0. 

A general consequence of the spontaneous breakdown of global super- 
symmetry is the appearance of a Nambu-Goldstone fermion, the Goldstino 
[0], The leading term in the action describing its self dynamics at energy 
scales below where ^ is the Goldstino decay constant, is uniquely fixed 
by the Akulov-Volkov effective Lagrangian ^ which takes the form 

Cav = -7^ detA (1.1 ) 

where 

A^'' = 6; + tK'Xd^cT''X . (1.2) 

Here A(A) is the Goldstino Weyl spinor field. This effective Lagrangian pro- 
vides a valid description of the Goldstino self interactions independent of the 



2 



particular (non-perturbative) mechanism by which the SUSY is dynamically 
broken [^]. Moreover, if the spontaneously broken supersymmetry is gauged, 
with the erstwhile Goldstino degrees of freedom absorbed to become the lon- 
ditudinal (spin 1/2) modes of the gravitino via the super-Higgs mechanism, 
then the action formed from the Akulov-Volkov Lagrangian also describes 
the dynamics of those modes. This is completely analogous to using the 
gauged non-linear sigma model to represent the dynamics of the longitudi- 
nal degrees of freedom of the W± and Zq vector bosons independent of the 
particular mechanism employed to break the electroweak symmetry. 

Nonlinear realizations of symmetry transformations allow a model in- 
dependent analysis of the dynamical consequences of spontaneous symme- 
try breaking using the Nambu-Goldstone degrees of freedom. This is true 
whether the part of the theory responsible for the symmetry breaking is 
strongly or weakly interacting. If weakly interacting, such as in the standard 
electroweak model with a light Higgs scalar, then the low energy physics can 
be directly calculated in perturbation theory. On the other hand, if the sym- 
metry breaking sector of the model is strongly interacting, then explicit direct 
calculations of dynamical consequences can prove quite difficult. Since there 
are many such models of SUSY breaking presently studied, it is worthwhile to 
determine, in a completely model independent way, the various consequences 
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of the supersymmetry breaking. 

Using non-linear realizations of supersymmetry for both the Goldstino 
and non-Goldstino degrees of freedom, Samuel and Wess constructed su- 
persymmetric invariant couplings of the Goldstino to matter. Their con- 
struction entailed a somewhat elaborate procedure in which the Goldstino 
field and all matter fields are promoted to become superfields whose lowest 
components are the ordinary fields themselves and whose higher components 
involve the product of Goldstino fields and derivatives of the lowest compo- 
nents. For the special case of the Goldstino promoted superfields, the 6 or 6 
components also contain the Goldstino decay constant as an additive com- 
ponent. Using these superfields, every ordinary operator can then be cast as 
part of a manifestly supersymmetric action. While this procedure is elegant 
and complete, it does require the introduction of a considerable amount of 
additional (super) structure. 

In this paper, we present an alternate construction of a non-linearly real- 
ized supersymmetric invariant action. Our procedure works directly with the 
ordinary (component) Goldstino and matter fields and does not require the 
introduction of entire superfield structures. Thus in a simple and straight- 
forward manner, we can make any ordinary operator part of a manifestly 
supersymmetric action. After introducing the non-linear SUSY transforma- 
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tions and covariant derivative, we construct the SUSY (and internal symme- 
try) invariant action terms using the special properties of the Akulov-Volkov 
Lagrangian. We focus on two particular interaction terms. One involves the 
coupling of the Akulov-Volkov Lagrangian to the ordinary matter action. 
Once the ordinary matter action is appropriately normalized, the coefficient 
of this term is fixed solely by the Goldstino decay constant. Another ac- 
tion term, which is the lowest dimensional operator linear in the Goldstino 
field, involves the coupling of its (SUSY covariant) derivative to the ordinary 
matter supersymmetry current. This coupling is then used to show that a 
Goldberger-Treiman relation |^ associated with the spontaneous supersym- 
metry breaking is indeed satisfied. 
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2 Nonlinear SUSY Transformations 

The self dynamics of the Goldstino can be encapsulated in the Akulov-Volkov 
Lagrangian Eq. ( |1 . ID . The supersymmetry transformations are nonlinearly 
realized on the Goldstino field by 



= -L-^<Xa^^-C(^''X)^pXa , (2.1) 

AC 

where are Weyl spinor SUSY transformation parameters. The Akulov- 

Volkov Lagrangian then transforms as a total divergence 

5«(e,e)^Ay = -iKd.liXaP^ - CcrPX)CAv] (2.2 ) 

and hence the associated action 

Iav = J d^x Lay (2.3 ) 

is SUSY invariant: 

b'^{i^l)lAv = ^ . (2.4) 

The supersymmetry algebra can also be nonlinearly realized on the matter 
(non-Goldstino) fields, generically denoted by 0j, where i can represent any 
Lorentz or internal symmetry labels, as 

^'^(e, 00. = -i^^iXa^l - iaPX)dp4>i . (2.5 ) 



This is referred to as the standard reahzation Forming the SUSY Ward 
identity functional differential operator 

5^(^,0 = + 

+ E^^(e,O0.^], (2.6) 
one readily establishes the SUSY algebra 

= . (2.7) 

As usual, the space-time translations are given by 

(5^(a)A° = a^5^A" 
5^{a)Xa = a^dfjXa 

5^(a)0i = a^a^0, , (2.8) 

with the global space-time translation parameter and 

5^ {a) = I d4x[5^(a)A-^ + <5^(«)A.^ + ^ 5^(a)0,,^] (2.9 ) 

is the space-time translation Ward identity function differential operator. 

Under the non-linear SUSY standard realization, the derivative of a mat- 
ter field transforms as 



(2.10 ) 

In order to eliminate the second term on the RHS and thus restore the 
SUSY covariance, we introduce a SUSY covariant derivative which transforms 
analogously to 0i. To achieve this, we note that 

S'^itOA,'' ^ -iK[{Xa''^-^a''X)d,A,'' + d^{Xa''^-^a''X^^^ , (2.11) 

from which it follows that 

= -m[{Xa^^-^a^X)d,{A-'),'' 

-d,(Xa^^-^a''X){A-'),p] , (2.12) 

where 

(A-% ''A. " = 5^ . (2.13) 

We are thus led to define the non-linearly realized SUSY covariant derivative 
as 

V^<Pi={A-')^''d,(j)^ , (2.14) 
so that under the standard reahzation of SUSY: 

S'^{C,0i1^,4>^) = -tn{Xa^^-ia'^X)dp{V,4>i) . (2.15 ) 
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In addition to the SUSY and space-time translations, we can also define 
R-transformations under which the Goldstino field transforms as 

6^{uj)\a = -iuXa ■ (2.16 ) 

Forming the R-transformation Ward identity functional differential operator 

it is readily established that the algebra 

[5^iu),S'^iC.O] = S^^i-iuJ^^iujO (2.18 ) 

holds independent of form of S^{uj)(f)i. The action formed from the Akulov- 
Volkov Lagrangian is invariant under R-symmetry, supersymmetry and space- 
time translations. Moreover the improved currents associated with these 
symmetries have been shown to form the components of a supercurrent 
[^]. Thus all conservation laws and anomalies are derivable from the super- 
current conservation law and the generalized trace anomaly [O . 



Since the Goldstino field transforms as a singlet under any internal sym- 
metry transformation, (5'^(A)A" = = d^{A)Xa, the Akulov-Volkov action is 
also invariant under internal symmetry transformations: 



<5^(A)/Ay = , (2.19 



where A parametrizes the transformation. Denoting the internal symmetry 
matter field transformation as 5^{K)(j)i, then the Ward identity functional 
differential operator characterizing the internal symmetry transformation is 

<5^(A)= j d''xJ26''iA)cP,^^ (2.20) 

Note that if the internal symmetry is gauged, the non-linearly realized SUSY, 
gauge covariant derivative, Eq. ( |2.14D , is replaced with 

V^(l), = {A-')^''D,(f), , (2.21) 

where -D/^^i is the ordinary gauge covariant derivative. 
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3 Invariant Actions 



We now construct actions containing the Goldstino and matter fields which 
are invariant under both SUSY and internal symmetry transformations. The 
Akulov-Volkov action is one such term which contains the Goldstino kinetic 
term and self couplings. Using the Akulov-Volkov Lagrangian, we can form 
SUSY invariant actions out of any Lorentz and internal symmetry singlet 
operator O = 0{(p,T>(j)). To achieve this, we note that under the non-linear 
standard realization of SUSY given by Eqs. ( ^.1| , ^.5| , |2.1(JD , such an operator 
transforms as 

0Oi<j>, V<j)) = -iKiXaP^ - Ccr''X)d,Oi<j), V<j)) . (3.1 ) 

Consequently the action 

= -2k^Co I d'^x Lav O 



Co J d^x {detA) O , (3.2 



with Co a constant, is SUSY invariant: 

S'^{^,Olo = . (3.3) 

Since Lav is defined so as to contain the additive constant term (or 
equivalently, the detA starts with the identity), the action lo includes the 
piece Co J d^xO{x) for any operator O. 
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One special case is afforded by using tlie internal symmetry invariant 
ordinary matter Lagrangian £^(0, "D^) where all derivatives are replaced by 
SUSY covariant derivatives. Under SUSY 

OC^{ct>, Vct>) = -in^Xa^l - CaPX)d,C^{(j), V^) , (3.4 ) 

while under the internal group transformation, the Lagrangian is invariant: 

5^(A)£<^(0,P0) = O . (3.5) 

It follows that the action 

III = -2k' J d^x C^{(t>, Vct>) Cav{\ A) (3.6 ) 
is both SUSY and internal symmetry invariant 

5^(e,O^LL = (3.7) 

(5^(A)/iL = . (3.8) 

Note that in the absence of Goldstino fields, this action reduces to the ordi- 
nary matter action /</, = / d*xC^{(f), d^cj)) so III contains the ordinary matter 
action as well as couphngs of the Goldstino to matter. Thus once the nor- 
malization of the ordinary matter action is fixed, so are its couplings to the 
Goldstino field. As such this term requires no additional independent cou- 
pling constant. Further note that using the non-linear realization, various 
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higher dimensional operators such as the electron anomalous magnetic mo- 
ment operator, can also be made part of a SUSY invariant action. On the 
other hand, such a term cannot be included in a SUSY invariant action if 
the supersymmetry is linearly realized |p!2| . 

Both Iav and III depend on A, A only through A'^'^ and thus only through 
the bilinear combination AA (and derivatives). While, by using the Goldstino 
field, any Lorentz and internal symmetry singlet can incorporated into a 
supersymmetric invariant action, the most natural setting is to consider those 
pure matter actions which allow for linear realizations of the supersymmetry. 
In that case, using the associated internal symmetry singlet supersymmetry 
currents Q'^ ^(0,5^0) and (Q^ ^(0,(9^0), we can construct another invariant 
action whose Goldstino dependence is odd in A, A and in fact starts off as 
linear in d^X. Letting „ = ^{(j),V(j)) and 0^ ^ = Q'^ ^{(j),V(f)) be 
the matter supercurrents where all space-time derivatives are replaced by 
non-linearly realized SUSY covariant derivatives, it follows that under the 
standard realization of SUSY that 

s'^itOQU = -i<\<y'i-i<y'\)dpQU (3-9) 

while 

5^(A)Q^ . = = 5^(A)Q^ „ . (3.10) 
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When used in conjunction with the SUSY transformations: 

5^(e,0(^^^A") = -iK{\aPi-iaP\)dp{V,X^) 
5«(C,0P^A<i) = -iK{\afl-^aP\)dp{V^K) (3.11) 

we construct the invariant action 

hQ = -2k^Cq I d'x Lav {p^\^Q% , + Q% ^P^A") (3.12 ) 

where Cq is a constant. This action satisfies 

<5^(e,0/AQ = (3.13) 

^^(A)/aq = . (3.14) 

Using the form of the Akulov-Volkov Lagrangian and the SUSY covariant 
derivative, we see that 

IxQ = ^Cq I d'x[d^X-Q^^ „(0, d,<f>) + M 5.0)5^^1 + - (3.15 ) 

which is couphng hnear in the Goldstino field. In fact, this mass dimension 6 
operator contains the smallest power of k coefficient of the various couplings 
of the Goldstino to matter. The appearance of the coupling of the Goldstino 
field to the divergence of the matter supersymmetry current is certainly an- 
ticipated. In fact, it is reminiscent of the situation in spontaneously broken 
chiral symmetry where the Nambu-Goldstone pion couples derivatively to 
the spontaneously broken matter chiral symmetry current. 
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Combining the various terms, we secure the SUSY and internal symmetry 
invariant action 



I — Iav + III + I\q 

— j d^x Cav ~ j a X JUav ^(p 

- 2k'Cq I d'x Lav {V^X^Q^ , + ^V^X^) (3.16 ) 

which satisfies 

5'2(e,O^ = (3.17) 

and 

5^(A)J = . (3.18) 

The action starts out as 

j d^x[CAv + + KCQ{d,XQ% , + Q% ^d^X) + ...] (3.19 ) 

so that 

51 6Iav 



-- det A{A-^r^{a,d^\)^ - kCqO^Q^^ „ + ... 
-ia^^.d,X-KCQd,Q^., + ... (3.20 



and the Goldstino field equation takes the form 



a'aa-d,X = ^CQd,Q^^, + ... . (3.21 
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4 Goldberger-Treiman Relation 

As a consequence of their Nambu-Goldstone nature, the couphng of the Gold- 
stino to matter is constrained to satisfy certain general relationships. One 
such constaint is the analog of the Goldberger-Treiman relationship [0 fa- 
miliar from pion physics and spontaneously broken chiral symmetry. When 
applied to spontaneously broken supersymmetry, the analogous relation ties 
form factors of the supersymmetry and Goldstino currents at zero momen- 
tum transfer to the Goldstino decay constant and mass differences between 
matter boson and fermion states. The Lorentz decomposition of the super- 
symmetry current taken between arbitrary single particle (scalar) Bose 
and (spin 1/2) Fermi states, \pi] B > and \p2', F >, of masses ms and mp 
and carrying 4- momenta Pi and P2, respectively, takes the form 

< pi; B\Q>^iO)\p2; F >= [A^{q')q^ + A,{q')k^ + A,{q^)a^^a ■ g]„ ^xMf 
+ [A,{q^)a^ + A,{q^)q^^a ■ q + A,{q^)k^a ■ qUriP2)F 

(4.1) 

where q'^ = {pi — P2Y = (pi +^2)^ and the fermion spinors satisfy 

cr-P2XiP2)F = -mFxiP2)F 

^■P2X{.P2)f = -mFxiP2)F • (4.2) 
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Conservation of the super symmetry current, d^Q'^ = then relates the vari- 
ous form factors as 

q'[A,iq') - Asiq')] = {ml - mDA^iq') . (4.3 ) 

Since the massless Goldstino directly couples to the supersymmetry cur- 
rent, some of these form factors are singular in the q^ limit. Thus before 
taking this limit, we need to include the effect of the massless Goldstino pole. 
This pole is reflected in the non-vanishing matrix element of the supersym- 
metry current between the vacuum and single Goldstino state, |g; A >, of 
4-momentum q^^ which is given by 

<0|Q^i(0)|g;A>=l<,x^ , (4.4) 

where is the Goldstino decay constant. 

It follows that the combination Q'!— J-a'^^A" has vanishing matrix element 
between the vacuum and single Goldstino state. The matrix element of this 
combination taken between the single Bose state and single Fermion state 
can then be Lorentz decomposed just as in Eq. ( [4.1D where now the various 
form factors are all non-singular in the — > limit. 

Finally, the Goldstino current is defined through the Goldstino field 
equation 

c^L]d,y = j^ . (4.5) 
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Taking its matrix element between the Bose and Fermi states leads to the 
Lorentz decomposition 



< Pi; B\J^{Q)\P2; F >= B,{q')xa{p2)F + B2{q'){a ■ q)aar{P2)F (4.6 ) 
and thus 

<p,-B\X'^{0)\p2-,F>=-^^{a-qr^Xa{p2)F + B2{q')t{P2)F • (4.7) 



Since the form factors of the combination Qq — 7^cr^Q,A" are regular as q'^ — > 0, 
we see on comparison of Eqs. ( [4.1D and ( [4.7| ) that the Ai{q'^) form factor is 
regular while the ^3(5^) form factor is singular. The singular piece is given 
by 

\imq'A,{q') = -B,{0) . (4.8) 



Sustituting into Eq. (O) and taking the — > limit we secure the Goldstino 



Goldberger-Treiman relation 



I 



-B,{0) = {mj,-mi)A2{0) . (4.9) 



To establish that the effective action Eq. ( 3.16| ) satisfies this Goldstino 



Goldberger-Treiman relation, we note that a Noether construction of the 
conserved supersymmetry current starts out as 

Q'^ = CqQ^.. + ... , (4.10) 
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while the Goldstino field equation Eq. ( |3.21| ) provides the identification of 
the Goldstino current as 

j^ = KCQd,Q^^^ + ... . (4.11) 
For the "matter" supersymmetry current we use 



Q^„ = aMV^„ + ... , (4.12) 

where A (-0) are the Bose (Fermi) fields creating (destroying) the Bose 
(Fermi) states in the matrix elements of the Lorentz decomposition of the 
supersymmetry and Goldstino currents. The matrix elements are readily 
computed yielding 

^2(0) = -'-Cq 

Bi{0) = ^{ml-ml)CQ (4.13) 

and the Goldberger-Treiman relation, Eq. ( [4.9|) is indeed satisfied. 

This work was supported in part by the U.S. Department of Energy under 
grant DE-FG02-91ER40681 (Task B). 



19 



References 

[1] See, for example, H.P. Nilles, Phys. Rep. 110 (1984) 1. 

[2] M. Dine and A.E. Nelson, Phys. Rev.'D48 (1993) 1277; M. Dine, A.E. 
Nelson and Y. Shirman, Phys. Rev.'D51 (1995) 1362; M. Dine, A.E. 
Nelson, Y. Nir and Y. Shirman, New Tools For Low Energy Dynamical 
Supersymmetry Breaking, [hep-ph / 9 50 73 78| . 

[3] V.P. Akulov and D.V. Volkov, Pis'ma Zh. Eksp. Teor. Fiz. 16 (1972) 
621 [JETP Lett. 16 (1972) 438]. 

[4] P. Fayet and J. Iliopoulos, Phys. Lett. B51 (1974) 461. 

[5] E. Witten, Nucl. Phys. B188 (1981) 513; Nucl. Phys. B202 (1982) 253; 
I. Affleck, M. Dine and N. Seiberg, Phys. Rev. Lett. 52 (1984) 1677; Nucl. 
Phys. B241 (1984) 493; Nucl. Phys. B256 (1985) 557; Y. Meurice and 
G. Veneziano Phys. Lett B141 (1984) 69. 

[6] S. Samuel and J. Wess, Nucl. Phys. B221 (1983) 153; J. Wess and 
J. Bagger, Supersymmetry and Supergravity, second edition, (Princeton 
University Press, Princeton, 1992). 

[7] M. Goldberger and S.B. Treiman, Phys. Rev. 110 (1958) 1178. 

[8] T.E. Clark and S.T. Love, Phys. Rev. D39 (1989) 2391. 

20 



[9] S. Ferrara and B. Zumino, Nud. Phys. B87 (1975) 207. 

[10] T.E. Clark, O. Piguet and K. Sibold, Nud. Phys. B143 (1978) 445; 
Nud. Phys. B172 (1980) 201. 

[11] M.T. Grisaru, B. Milewski and D. Zanon Nud. Phys. B266 (1986) 589. 

[12] S. Ferrara and E. Remiddi, Phys. Lett. B53 (1974) 347. 

[13] B. de Wit and D.Z. Freedman, Phys. Rev. D12 (1975) 2286. 



21 



